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An iterative Monte-Carlo model is developed to investigate near-surface dynamics and
structure of plasma for a single permanent magnetic cusp. Improved understanding in
this region will allow electric propulsion designers to take advantage of cusp confinement
for micro-scale discharges (∼1 cm), enabling high performance micro-thrusters that are
attractive for both micro-satellite and formation flying missions. The computational model
has several key features desirable for this specific problem. The model uses an adaptive
mesh to provide improved resolution in the cusp region; methods used for electric potential and field calculations allow second-order accurate solutions even at the coarse/fine
grid interface of the adaptive mesh. The model also uses analytic equations for magnetic
field calculation and improved techniques for particle advancement, which are critical in
determining accurate particle trajectories very near the cusp. In this paper, a few important components of the model are validated against analytical solutions. In addition, a
test simulation is performed using the computational model. Although the computational
model does not provide fully converged results at this stage, the model is still capable of
capturing the sheath and resolving features of the plasma very near the magnetic cusp.
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Density, 1/m3
Generation rate density, 1/m3 s
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Angle, rad
Component in natural coordinates

j
k
l
m
max
n
o
out
p
r
rel
w
z

Subscripts
k
⊥
e
el
ex
h
i
iz

Parallel
Perpendicular
Electron
Elastic
Excitation
Hybrid
Ion
Ionization

I.

Cell index
Vertex
Current loop
Magnet
Maximum
Current time-step
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Introduction

he motivation for this study is to improve the understanding of cusp confinement very near the anode
T
surface of a permanent magnet discharge, thus enabling the development of efficient micro-discharges
on the order of 1 cm in diameter. A micro-scale thruster of this size is attractive for various applications,
including large ∆V missions using small spacecraft,1 and formation flying and control of larger spacecraft.2, 3
Large magnetically confined discharges (& 13 cm) benefit from relatively low surface-to-volume ratios, which
can provide favorable electron confinement and high ionization efficiency. As a result, designers of many
large cusp confined devices, such as ring-cusp ion thrusters, have been able to yield favorable performance for
large discharges by focusing on the design of the macroscopic magnetic field structure far from the magnet
surfaces.4, 5 In contrast, the permanent magnets result in strong microscopic cusp structures that dominate
a large region in smaller discharges. The DC-ION model, which self-consistently included effects of highenergy (primary) electrons along with other plasma species, was scaled down to simulate the 3 cm Miniature
Xenon Ion (MiXI) ring cusp thruster.6 Results from the model confirmed inferences from experimental data
that the main challenge to discharge utilization efficiency is the prodigious loss of primary electrons to the
chamber walls. The high rate of primary electron loss for this miniature discharge design was due to the
need for relatively low magnetic field strengths at the boundaries that allow plasma electrons to be lost at
a rate sufficient to maintain discharge stability. Investigations of this miniature discharge show that the
performance is strongly coupled to the effective electron leak area of the discharge, which in turn affects
the plasma stability and limits the discharge operating range.7 From these observations, it is clear that the
development of an efficient discharge of only 1 cm in diameter requires an improvement in the knowledge of
the plasma dynamics and structure in the near-surface region of the cusp.
Magnetic cusp confinement of plasma at conducting surfaces involves interactions between a divergent
magnetic field, multiple plasma species, and the sheath conditions near the surface.8 Much of the research
on cusp confinement has been performed using relatively larger plasma discharges with free-standing electromagnetic “picket fence” and spindle cusps far from the anode9–12 or multi-magnet ring and line cusps for
permanent magnet discharges.13–16 These efforts have reported a “leak width” that is in contradiction of
one another. Some researchers have found evidence for the leak width, wl , on the order of electron or ion
gyroradius, while the most popularly reported leak width is proportional to the hybrid gyroradius, ρh , such
√
that wl ≈ 4ρh = 4 ρe ρi . The hybrid gyroradius is shown to be caused by ambipolar-type effects between
the ions and electrons in the cusp region.
Researchers have developed computational models that can be utilized to predict electron and ion losses
at the cusp. For example, a numerical code developed by Arakawa and Ishihara17 for a cusped ion thruster
predicted the losses at the cusp to be greater than experiments. In the model, plasma was treated as a fluid
while assuming charge neutrality throughout the computational domain; thus, the charge separation effect
in the cusp region was not incorporated. In comparison to Arakawa’s model, Marcus et al.18 developed
a particle-in-cell (PIC) model to study plasma behavior and confinement in a picket fence magnetic cusp
device. Their model assumed that all charged particles were generated in the cusp region, which is not
applicable for micro-discharges. Hirakawa and Arakawa19 developed a PIC model specifically to find the
losses in magnetic cusps and showed that the model agreed qualitatively with their experimental results;
however, they were unable to show quantitative agreement with the experiment. More recently, Takekida20
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developed models for optimizing the design of a large multi-cusp confinement of a plasma discharge, but did
not look closely at the physics very near the cusp.
The objective of this research is to develop a computational model to improve the understanding of cusp
confinement very near the anode surface for a single permanent magnetic cusp. The expression for leak width
provides a crude estimate of the leak area, but a much more accurate description is necessary to achieve our
goal. Since probing of the sheath and near the cusp is extremely difficult using conventional probes, it is
necessary to develop an accurate computational model of this region. This research effort is a continuation
of the work presented during the 2012 Joint Propulsion Conference.21 In that work, an electron flood gun
was directed at a single cylindrical permanent magnet. Simulation results agreed well with experimental
measurements, which validated a few important components of the computational model. The overall goal
of this research project is to develop a 1-cm micro-ion thruster that provides a stable and efficient discharge.
The knowledge gained from the effort discussed herein will be used in a hybrid fluid/PIC model that will
be developed and used as a tool to design and optimize the micro-discharge. The following sections of the
paper describe the details of the computational model (Sec. II) and analytical solutions for electric potential
and bulk density (Sec. III). Section IV uses the analytical results to validate the model components and
methodologies and provides analyses of preliminary results from the model.

II.
A.

Computational Model

Simulation Domain

The simulation domain is inside of a cylindrical test cell, with a conducting mesh and a plate at the boundaries
(Fig. 1). The length of the test cell is determined to ensure that the primary electrons experience sufficient
ionization collision with neutrals. The downstream end plate is biased at 25 V and mesh wall is grounded.
Neutrals are free to escape through the mesh boundaries, while the sheath near the mesh wall prevents
plasma electrons from escaping. A hollow cathode is placed along the axis, so the center of the orifice
corresponds to the origin of the domain. The electrons injected from the cathode and created within the
domain are confined by the magnetic field, which is created by three coils and one permanent cylindrical
magnet. The magnetic cusp in front of the magnet is the region of interest. The Helmholtz coil is added to
confine the primary electrons near the centerline. In addition, a coil is placed slightly upstream of the test
cell in order to enhance the loss at the magnetic cusp.
B.

Overview of the Computational Model

The computational model employs the iterative Monte-Carlo (MC) method, tracking super-particles of different charged species (primary electrons, ions, and plasma electrons) separately. A particle simulation is
required because this effort: (1) explores densities and energies that have a large range of collisionality, and
(2) seeks to resolve species interactions and dynamics in the cusp region. In the model, primary electrons
are initiated from the source with a cosine distribution, whereas ions and plasma electrons are tracked from
the cell-centroids assuming a Maxwellian distribution. These particles are moved in electric and magnetic
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Figure 1. A slice of a cylindrical test cell to be simulated. The
region of interest is in front of the cylindrical magnet placed downstream. A Helmholtz coil is used to guide the electrons near the
centerline.

End

Figure 2. Simplified flowchart of the computational model.
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fields while they are weighted to the computational grid at every time-step. In order to reduce the run
time, the particle tracking is done in parallel using a message passing interface (MPI). Once all the particles
are tracked, the electric potential and field are updated using the densities computed from the last particle
tracking subroutine. These calculations are repeated until the electric potential and species densities converge (Fig. 2). Neutral density is pre-computed using the flow rate from a source and the background neutral
pressure. This model can be considered as a simplified version of a particle-in-cell (PIC) model commonly
used for kinetic simulations of plasma, because the electric field is computed asynchronously with particle
tracking instead of being updated while the particles are tracked. The details of the numerical techniques
are provided below.
C.

Adaptive Cartesian Mesh

Since the Larmor radii are inversely proportional to the magnetic field strength, the spatial scale at the cusp
region becomes considerably small. Therefore, a very fine mesh is necessary to resolve the high gradients
in density and potential near the magnetic cusp. The computational model uses an adaptive Cartesian
mesh, in which mesh refinement is increased with the magnetic field strength induced by a magnetic cusp
of interest. This provides a high resolution near the magnetic cusp with a low resolution in the bulk region,
which minimizes the run time without sacrificing accuracy. The mesh is generated by first creating a uniform
Cartesian mesh throughout the domain and then subdividing the cells into four sub-cells. The subdivision
of the cells is performed until the grid size becomes smaller than the electron gyroradius at the cusp.
D.

Electric Potential and Field

For the adaptive Cartesian mesh, the standard potential calculation using three point finite difference equations provides only first-order accurate solutions at the coarse/fine grid interface while providing second-order
accurate solutions for a simple rectilinear mesh. Therefore, it is necessary to use more sophisticated methods
in order to keep the second order accuracy in the adaptive Cartesian mesh. The method implemented in
the computational model approximates the local variation in electric potential across a cell face with the 2D
quadratic spline equation.22
φ = a1 + a2 z + a3 r + a4 z 2 + a5 zr + a6 r2
(1)
For every cell face, the six closest cells are chosen to set up six independent equations by plugging in the z
and r coordinates in Eq. (1). Then, the spline coefficients can be expressed in terms of the potential of the
six cells by solving the linear system of equations. In computing the electric potential, the integral form of
Gauss’ equation is applied to each cell by employing the finite volume method.
I
I
ρf Vj
(2)
E · dS = − ∇φ · dS =
ε0
j
j
Using the 2D quadratic equation, the electric flux over a cell face is given as22

Z
Z
Z
∂φ
∂φ
E · dS = −2π
r dr + r dz
∂z
∂r
Z

Z
= −2π
(a2 + 2a4 z + a5 r)rdr + (a3 + a5 z + 2a6 r)rdz
(3)
The surface integral given in Eq. (3) is evaluated analytically to express the electric flux in terms of potentials
of the neighboring cells. Once equations for all the cells in terms of electric potential are obtained, the
resulting linear system of equations is solved for the electric potentials at all the cells.
In computing the electric field, the local variation in electric potential is again expressed with the 2D
quadratic equation given in Eq. (1). For a given interior cell, the number of cells neighboring the current cell
range from 6 to 12, which results in an over-determined linear system of equations when solving for the spline
coefficients. Therefore, the least squares approach is used to obtain a unique solution for the coefficients.
The error of the quadratic equation at cell j is expressed as
Rj = a1 + a2 zj + a3 rj + a4 zj2 + a5 zj rj + a6 rj2 − φj

(4)

The error of the quadratic equation through all the current and neighboring cells is minimized when the
following condition is satisfied.
∂R2
= 0 (s = 1 to 6)
(5)
∂as
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P 2
where R2 =
Rj . Using the 6 equations from Eq. (5) and 6 unknowns, the spline coefficients can be
obtained by solving the linear system of equations. Note that the same approach can be applied as long
as the number of neighboring cells is greater than 5. Once the coefficients for the quadratic equation are
computed, then the electric field in the current cell can be calculated by taking the gradient of Eq. (1).
E.

Magnetic Field Induced by a Current Coil and a Cylindrical Magnet

The computational model utilizes analytic equations to solve magnetic fields induced by a current coil and a
cylindrical permanent magnet. The use of analytic equations allows accurate determination of the magnetic
field at particle locations, thus eliminating the error associated with interpolation of the fields. The magnetic
field induced by a current loop is given as23




2rl (r + rl )
1
µ0 I
p
K(m) +
−
E(m)
Bz =
[(r + rl )2 + (z − zl )2 ](1 − m) 1 − m
2π (r + rl )2 + (z − zl )2


(6)
K(m)
µ0 I(z − zl )
E(m)
2aE(m)
Br = − p
−
+
r
r(1 − m) [(r + rl )2 + (z − zl )2 ](1 − m)
2π (r + rl )2 + (z − zl )2
where K(m) and E(m) are the complete elliptic integrals of the first and second kind, respectively. The
parameter, m, is the square of the elliptic modulus, and is given as 4rrl /[(r + rl )2 + (z − zl )2 ]. Evaluation
of Eq. (6) is relatively expensive since the equation involves elliptic integrals. Therefore, it is impractical
to compute Eq. (6) for each turn of the coil. Instead, the current coil is approximated with multiple
current loops that are evenly spaced within the volume of the coil. Although the approximation would not
provide an accurate solution very near the coil, the magnetic field solution within the region of interest (near
the centerline) is sufficiently accurate (less than 1% error with several current loops). The equation for a
cylindrical parmanent magnet is obtained from an analytic equation for an axially magnetized ring magnet24
in the limit that the inner radius approaches zero.
2
h
µ0 M X
π π
(−1)s−1 c1s K(ms ) − c2s + s1s s2s [1 − Λ(θ1s , ms )]
2π s=1
2
2
i
π
π
+ s1s [1 − Λ(θ2s , ms )] − s1s [2 − sin(θ2s ) − sin(θ3s )]
2
2
 2

2
−
2rr
µ0 M X
a
a
m
s
s
s
Br =
(−1)
K(ms ) − E(ms )
2π s=1
ras
r

Bz =

where parameters, ms , αs , c1s , c2s , θ1s , θ2s , θ3s ,
s1s , and s2s are defined in table 1. The subscript, s,
denotes the ends of the cylindrical magnet. The analytic equation for a permanent magnet is derived assuming a constant magnetization in a magnet, which
is a reasonable assumption for the samarium cobalt
magnets used in this study. The magnetization for
a cylindrical magnet, M , is obtained by matching
the axial magnetic field with the measured value at
the center of the magnet face. Heuman’s Lambda
function, Λ(θ, m), given in Eq. (7) can be expressed
in terms of elliptic integrals.
2
Λ(θ, m) = {K(m)E(θ, 1 − m)
π
−(K(m) − E(m))F (θ, 1 − m)}

(8)

(7)

Table 1. Definition of parameters used in Eq. (7)

Parameter
ms
αs
c1s
c2s
hs
θ1s
θ2s
θ3s
s1s
s2s

Definition
4rrm /αs2
p
(r + rm )√2 + (z − zms )2
2(z−zms ) r 2 +(z−zms )2
√

αs
r 2 +(z−zms )+r
2(z−zms )



√

r 2 +(z−zms )+r

√

r+

2r
r 2 +(z−zms )2

sin−1

sin−1 √

q

1−h1s
1−ms



|z−zms |



r 2 +(z−zms )2 +r


√
sin
1 − h1s
sign(z − zms )
p
sign( r2 + (z − zms )2 − rm )
−1

where F (θ, m) and E(θ, m) are the incomplete elliptic integrals of the first and second kind, respectively. Both Eqs. (6) and (7) contain elliptic integrals, and two different methods are used depending on the arguments. For the standard domain of elliptic
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parameters, 0 < m < 1 (and 0 < θ < π/2 for an incomplete elliptic integral), Fukushima’s fast computation methods are used to evaluate complete elliptic integrals25 and incomplete elliptic integrals of the first
kind.26 For non-standard domains of an elliptic parameter, the elliptic integrals are evaluated using the
simple relationship with the elliptic integrals and Carlson’s functions, RF and RD .27
F (θ, m) = sin θRF (cos2 θ, 1 − m sin2 θ, 1)
(9)
1
E(θ, m) = F (θ, m) − m sin3 θRD (cos2 θ, 1 − m sin2 θ, 1)
3
Since the calculation of the magnetic field occurs very frequently in the computational model, accuracy and
speed in evaluating the elliptic integrals are critical. Fukushima’s method improved the computational time
of K(m), E(m), and F (φ, m) by 75, 88, and 48%, respectively. This method also improved the computation
time for Eq. (7) by approximately 60%.
F.

Particle Tracking Method

The numerical method used to integrate the equation of motion is critical, because a large number of
integrations are required by the model to determine particle trajectories. Therefore, the integration method
has to be fast while remaining sufficiently accurate. In addition, the integrator method has to be able to
handle high gradients in magnetic field in the cusp region. For this model, the Lorentz forces on the particles
are decomposed into electric and magnetic forces in the same way as the standard Boris particle pushing
technique.29 The electrostatic force is assumed to act half at the beginning, and half at the end of a given
time step. This allows the circular motion of the particle due to the magnetic field to be treated in the
absence of the electric field. Consequently, the velocity after one time-step is computed in three steps.7, 28


q∆t
E
(10)
v− = vn +
2m


v+ = (v− )k + |(v− )⊥ | cos (∆θ)ĥ⊥ − sin (∆θ)ĥk
(11)


q∆t
vn+1 = v+ +
E
(12)
2m
Here, ĥ represents the coordinate system aligned with the magnetic field and is given below.28
ĥk =

B
;
|B|

ĥ⊥ =

v − (v · ĥk )ĥk
|v − (v · ĥk )ĥk |

;

ĥr =

q
(ĥk × ĥ⊥ )
|q|

(13)

Then, the position after one time-step in the field-aligned coordinate system is given as,7, 28
∆xk = ∆t(v · ĥk )ĥk
∆x⊥ = ρ sin (∆θ)ĥ⊥

(14)

∆xr = −ρ[1 − cos (∆θ)]ĥr

( v − )⊥
Predicted Midpoint

( v + )⊥

ρp

∆θ c
∆θp /2

r

ρc

z
Figure 3. Illustration of predictor-corrector algorithm for integration of equation of motion.28 The
magnetic field value calculated at the midpoint is
used to execute the corrected gyromotion.

Figure 4. An example of adaptive Cartesian mesh. The
solid line corresponds to cell boundaries and the dashed
line corresponds to node element boundaries.
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Unlike the standard method, the staggered-grid feature of the standard Boris method is removed, and
position and velocity are evaluated on an aligned temporal grid. Instead, better estimations of the magnetic
field are obtained by using a predictor-corrector algorithm in solving a simple circular gyromotion (Fig. 3).
The predictor-corrector algorithm determines the particle trajectory for each time step by first predicting
the midpoint of the trajectory assuming the magnetic field at the starting position. The magnetic field at
the “predicted” midpoint is calculated and then used to determine a “corrected” final position and velocity
orientation. Another important feature of the modified Boris method is that the particle rotation is executed
in the magnetic field-aligned coordinate system. This feature removes the error associated with the angular
displacement.
G.

Particle Weighting

Particle simulation of plasma involves the exchange of information between particles and a computational
grid. In particular, weighting of particles to the grid is necessary to compute the electric potential and field
at discrete points, while interpolation of the field is required to obtain the electrostatic force at the particle
locations. Standard weighting schemes (e.g. first order area weighting in two dimensions) work very well in
Cartesian coordinates.30 However, in cylindrical coordinates, these weighting methods produce systematic
errors in particle densities at boundary nodes when a regular Cartesian mesh is used.31–33 Furthermore,
more severe systematic error occurs at the coarse/fine grid interfaces of an adaptive Cartesian mesh. In
the computational model, we use the generalized weighting scheme proposed by Verboncoeur31 in order
to remove these systematic errors. The method computes particle density using a corrected cell volume
calculated with the same shape factor as applied in particle weighting.
Every node element consists of 3-4 cells whose cell-center locations correspond to the vertices of the
node element, as illustrated in Fig. 4. The dashed lines in Fig. 4 correspond to node element boundaries,
and the intersection points of the dashed lines are the locations of the cell-centers. Once a macro-particle
is determined to be within a node element, a fraction of particles are distributed to each node element
vertex (cell-centroid) based on the first-order area weighting scheme. At a coarse/fine grid interface, the
shape of triangular or quadrilateral element is not a right triangle or a rectangle, respectively. For this case,
the weighting factor cannot be easily found in physical coordinates. Instead, the weighting factor is found
in natural coordinates (Fig. 5), in which an interface element (a triangle or quadrilateral) is mapped to a
reference polygon (a right triangle or square). The transformation between the two coordinates, ξ(z, r) and
η(z, r), can be found using bilinear interpolation. Once the ξ and η are found for the given particle position,
the number of particles assigned to a vertex, k, can be determined by,
Nk = Np Wk

(15)

where the weighting factors are
Triangle:

W1 = 1 − ξ − η

W2 = ξ

W3 = η

Quadrilateral: W1 = (1 − ξ)(1 − η) W2 = ξ(1 − η) W3 = ξη

(16)
W4 = (1 − ξ)η

At the end of particle tracking, the particles distributed to the boundary cells are re-assigned to the nearest
interior cells, since the effective volumes of the boundary cells are essentially zero.
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Figure 5. Mapping of elements in natural coordinates.
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2

ξ

In applying the generalized weighting algorithm, the particle density at the grid is calculated with the
cell volume weighted using the same interpolation function applied in the particle weighting. The corrected
volume calculation is also done in natural coordinates for the reference polygons. The differential volume
element, dV , can be expressed in terms of natural coordinates.
dV = 2πrdzdr = 2πr(ξ, η)|J(ξ, η)|dξdη
where |J(ξ, η)| is a Jacobian or a determinant of a Jacobian matrix for the mapping shown in Fig. 5.


∂z ∂z
 ∂ξ ∂η 

[J] = 
 ∂r ∂r 
∂ξ

(17)

(18)

∂η

Using Eqs. (17) and (18), the corrected volume can be calculated by solving the following integrals.34
Z Z
Vk =
Wk (ξ, η)2πr(ξ, η)|J| dξdη
(19)
where the limits of the integrals are ξ = 0 → 1−η and η = 0 → 1 for the triangular element and ξ = 0 → 1 and
η = 0 → 1 for the quadrilateral element. Simple formulas for the corrected volume calculation are provided
in Ref. 35. For every node element, the weighted volumes are calculated and distributed to corresponding
vertices. The sum of the volumes distributed to the same cell, Vj , is the corrected volume used for the density
calculations. Again, the volumes assigned to the boundary cells are re-assigned to the nearest interior cells.
Finally, using the corrected cell volumes, the particle density at cell j is computed by nj = Nj /Vj .
H.

Collisions

In the experiment to be simulated, the background neutral density is at least a few orders of magnitude higher
than the densities of other species, and the mean free path for collisions with neutrals is much shorter than for
collisions between charged species. Therefore, collisions with neutrals are incorporated in the model, which
includes elastic, ionization, and excitation collisions between electrons and neutrals, as well as elastic collision
between ions and neutrals. In addition to these collisions, collisions between primary and plasma electrons
are incorporated by taking into account the primary electron relaxation time.36 For ion-neutral collisions,
only elastic collisions are included in the simulation. Due to the low energy of ionized particles, inelastic
collisions are neglected as ions only have energies below the threshold energy of the collision. Symmetric
charge-exchange collisions are also neglected because the resulting effect is similar to the elastic collision at
the ion and neutral energies. For the collisions implemented in the model, curve-fit equations for different
collision cross-sections are obtained from data for electron-neutral elastic,37 ionization,38 and excitation39
collisions.
1.

Elastic Collision

The elastic collision is approximated using the Monte Carlo collision (MCC) method. During a time-step,
∆t, the probability that a particle experiences an elastic collision is expressed as
Pel = 1 − exp(−∆tσel vno )

(20)

Equation (20) gives a positive value that is always less than or equal to 1. The elastic collision is assumed
to take place when the condition Pel > U is satisfied, where U is a uniformly probable number between 0
are 1 generated by the random number generator. The calculation of the post-collision velocity is done by
first calculating the center of mass (CM) deflection angle and then transforming the coordinate system to
determine the laboratory (LAB) frame post-collision velocity.
For an electron-neutral collision, the velocity vector after a collision is determined using a formula derived
by Okhrimovskyy et al.40 for the center of mass deflection angle calculation. Approximating the electronneutral interaction potential by the screened Coulomb potential and using the first Born approximation of
quantum scattering, an equation for determining the deflection angle can be obtained.40
cos χ = 1 −

2U
1 + 8ε(1 − U )
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(21)

This method is only a rough approximation, but takes into account that it is more forward scattering with
increasing energy. More importantly, the determination of the deflection angle is fast.
For ion-atom collision, the computational model employs variable hard sphere (VHS) model. In this
model, the scattering is determined in the same way as the hard sphere model, while the cross section is
determined by the following formula given by Dalgarno et al.41 instead of using the physical cross section.
σi =

64200 2
Å
vrel

The deflection angle is given as
χ = 2 cos−1

(22)

√
U

(23)

Although the scattering characteristics calculated by the model are not realistic, the simple model allows
fast calculations of collision mechanics.
2.

Inelastic Collision

During an inelastic collision with a particle, the kinetic energy of the incident primary electron is transferred
to the particle, bringing the ground energy level particle into an excited or ionized state. In a single
ionization event, the primary electron lose an energy corresponding to the threshold energy of 12.13 eV.
Although the primary electrons of 25 eV have a sufficient energy to experience two ionization events, it
is assumed for simplicity that the primaries join the plasma electron population after an ionization event.
Thus, every ionization event effectively results in one ion and two plasma electrons. In an excitation event,
the kinetic energy of the primary electron is transferred into some internal mode to create an atom in an
excited bound state. Similar to the ionization event, it is assumed that the primary electrons join the plasma
electron population after an excitation collision. The equilibration of primary electrons interacting with the
plasma electron population by Coulomb collisions is also considered, and is computed together with inelastic
collisions. The equilibration rate is much faster after an inelastic collision because of the reduced energy. If
this equilibration rate is faster than the rate of inelastic collision, then the assumption of a primary electron
joining the plasma population after a single inelastic collision is appropriate. The change in macro-particle
current due to inelastic collisions can be found using a normalized change in flux for particles, Γ, traveling
a distance ∆x through a density, n, of particles with collision cross-section, σ, as42
Γ(x + ∆x) = Γ(x) exp(−∆xσn)

(24)

The effective product of density and collision cross-section can be approximated by
σn = no (σiz + σex ) + nse σslow

(25)

The amount of representative current loss during the time step due to ionization is added to the volumetric
ionization rate of the local cell by
J (1 − exp(−∆xσiz no ))
ṅiz =
(26)
Vj
By computing the ionization and excitation rate within the local cell, the volumetric generation rate of ions
and plasma electrons can be determined.
I.

Convergence

The convergence of the solution is determined by the change in the electric potential and species densities
between the iterations. For the electric potential, the total deviation between the iterations is given by
v
u PNc k+1
u j (φj − φkj )2
(27)
||δφ||2 = t PNc k+1
)2
j (φj
Similar equations are also used for species densities. When the total deviations for potential and species
densities are all smaller than a chosen tolerance, , specified as an input, then the solution is considered to
be converged.
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Although the computational model in this study is inherently faster in finding the steady-state solution
compared to the regular PIC models, it is difficult to obtain a converged solution with an iterative MonteCarlo method. In the model, ion and secondary electron trajectories are determined separately. In other
words, all the ions are tracked before secondary electrons. Consequently, the low-energy species over-react
to the small changes in the potential, and the maximum potential value oscillates between very large and
small values because of the opposite charge of the two species. For this reason, we implemented a few
techniques to enhance the convergence of the solution. First, the change in particle density is limited so
that the computed particle density, nkout , obtained from particle tracking cannot be greater than 10nk . This
prevents over-shoot of the solution between iterations. Then, the values of the electric potential are scaled
so the volume-averaged value is below 50 V. This prevents large potential gradients and slow particles from
over-reacting by the electric field. Once the potential solution approaches close enough to the expected
solution, the potential scaling is turned off. Finally, the computed electric potential and species densities are
mixed with the values obtained from several previous iterations.
PQ
PQ
m
m
Q
1
m=k−Q nout
m=k−Q n
k+1
+
(28)
n
=
Q+1
Q
Q+1
Q
In the simulation, densities from 25 previous iterations (Q = 25) are used in Eq. (28). In addition, quasineutrality is enforced by adjusting the plasma electron density when the density is large enough such that
the debye length becomes smaller than the dimension of the grid cell, Lj .
s
ε0 Te,j
1
λD,j =
< Lj
(29)
ne,j q
2
If this condition is satisfied, plasma electrons should be able to shield the field caused by ions within a
cell. The enforcement of quasi-neutrality in some region is found to be needed as a slight charge imbalance
(ntotal ∼ ±1016 m−3 ) causes the over-shoot in potential solution.

III.
A.

Analytical Description for Model Validation

Electric Potential and Field for Downstream End Plate Biased at a Fixed Potential

The analytical solutions obtained for electric potential and field are obtained for the simulation domain
described in Sec. II.A. These solutions are compared with the computational results to validate the components of the model. When there is no plasma species present in the domain, the electric potential solution
can be derived by solving the Laplace equation in cylindrical coordinates.
∇2 φ(r, θ, z) =

1 ∂φ ∂ 2 φ
1 ∂φ ∂ 2 φ
+ 2 + 2
+ 2 =0
r ∂r
∂r
r ∂θ
∂z

(30)

The general solutions for the Laplace equation is obtained by using separation of variable.43
φ(r, θ, z) =

∞ X
∞
X

[Amn Jm (kn r) + Bmn Ym (kn r)]

m=0 n=1

(31)

× [Cmn sin(mθ) + Dmn cos(mθ)] [Emn sinh(kn z) + Fmn cosh(kn z)]
or
φ(r, θ, z) =

∞ X
∞
X

[Amn Im (kn r) + Bmn Km (kn r)]

m=0 n=1

(32)

× [Cmn sin(mθ) + Dmn cos(mθ)] [Emn sin(kn z) + Fmn cos(kn z)]
where A, B, C, D, E, and F are some constants, Jm and Ym are the mth order Bessel function of the first
and second kind, Im and Km are the mth order modified Bessel function of the first and the second kind, kn
is constant, and m and n are integers. For given boundary conditions, Eq. (31) is the appropriate general
solution to be used. Applying boundary conditions and axisymmetry of the domain, Eq. (31) is simplified
as
∞
X
φ(r, z) =
Gn sinh(kn z)J0 (kn r)
(33)
n=1
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where Gn are constants, kn is determined by setting J0 (kn a) = 0 which corresponds to kn a=2.4048, 5.5201,
8.6537, · · · , and a is the radius of the domain. Gn can be determined using orthogonal property of J0 and
sinh functions.
2V0
(34)
Gn =
kn aJ1 (kn a) sinh(kn L)
The analytical solution for the electric field can be computed by simply taking the gradient of Eq. (33).
Ez (r, θ, z) = −

∞
X

kn Gn cosh(kn z)J0 (kn r)

n=1
∞
X

Er (r, θ, z) =

(35)

kn Gn sinh(kn z)J1 (kn r)

n=1

where J1 is the first order Bessel function of the first
kind. Equations (33) and (35) involve infinite sum
of hyperbolic and Bessel functions. The infinite sum
is truncated at n =1,000; this number is determined
so that the solution is obtained within a reasonable
amount of time with sufficient accuracy. Figure 6
shows a plot of potential contour; red corresponds
to 25 V and blue corresponds to 0 V. Even with
a large number of terms for the infinite sum used
to compute the solution, the lower accuracy at the
circumference of the end plate is inevitable because
of the sudden change of the boundary condition from
the end plate to the cylinder wall. Therefore, the
solutions are only compared within the dashed box
shown in Fig. 6.
B.

Figure 6. Contour plot of potential (V) calculated with
the analytical solution for the case with a cylindrical
domain with end plate biased at 25 V. Red corresponds
to 25 V and blue corresponds to 0 V. The solutions are
compared for the cells inside the dashed box.

Radial Bulk Density Profile

A simple analytical model is developed to approximate the density profile along the radius. The result from
the analytical model described herein is compared with the computational result for model validation. The
density profile along the radius can be estimated with the diffusion equation.
∂n
− D∇2 n = ṅ(r)
∂t

(36)

The first term in Eq. (36) is neglected since the solution of interest is steady-state. In this formulation, it
is assumed that the magnetic field is homogeneous away from the magnetic cusp in the direction parallel
to the axis. Assuming that the ion generation rate density profile along the radius can be expressed by a
polynomial of degree Nd , the equation to be solved becomes,
−D⊥

1 ∂
r ∂r


r

∂n
∂r


= ṅ(r) =

Nd
X

ps rNd −s

(37)

s=1

where p is the polynomial coefficients. At the edge of the sheath near the side wall, the characteristic
loss
p
velocity of ions, uw is assumed to satisfy the Bohm criterion for a positive sheath, uw = uBohm = kTe /mi .
Thus, the boundary conditions are,
n(r = rmax ) = nw ,

Γ = −D⊥

∂n
∂r

= nw uw
r=rmax

(38)

The solution of Eq. (37) is then,
n(r) =

Nd
X
s=1

ps
(Nd − s + 2)2

"

(N −s+2)

d
rmax

− r(Nd −s+2)
r(Nd +s+1)
+
(Nd − s + 2)
D⊥
uw

#
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(39)

A similar solution can be derived using a boundary condition with n(r = rmax ) = 0, yielding Eq. (39)
without the second term in the parentheses. Equation (39) is dependent on the perpendicular diffusion
coefficient, D⊥ , which is difficult to obtain for our specific problem. The classical ambipolar diffusion across
a magnetic field can be obtained by equating the ion and electron fluxes perpendicular to the direction of
magnetic field.44
µi⊥ De⊥ − µe⊥ Di⊥
(40)
D⊥ =
µi⊥ − µe⊥
The diffusion coefficient given in Eq. (40) is appropriate in a infinitely long cylindrical plasma with uniform
magnetic field along the axis. When the domain is finite and is bounded by conducting walls, the diffusion
coefficient should be modified to take into account of Simon’s “short-circuit” effect.45
D⊥ =

µi De⊥ − µe Di⊥
µi − µe

(41)

Unlike the case with the classical ambipolar diffusion, the particle flux is no longer at the same equilibrium
value in each direction, but rather the total flux for each species should be maintained. In our problem,
strong and weak cusps are placed at the downstream and upstream ends, respectively. In this magnetic field
configuration, electrons are not freely lost to the ends if they are confined near the centerline. In contrast,
the electrons are easily lost at the ends away from the centerline due to the low field strength. Therefore,
the diffusion coefficient applicable for our problem is likely between Eq. (40) and Eq. (41), and the density
solutions obtained using the two diffusion coefficients should provide the upper and lower bounds for the
computational result.

IV.
A.

Results and Discussion

Validation of Weighting Scheme

The particle weighting algorithm implemented in the computational model is tested by applying a uniform
current density distribution from the upstream end of the cylindrical domain.35 Macro-particles are advanced
in a direction perpendicular to the downstream end while the particles are weighted to the cells using area
weighting for each time-step. If the generalized weighting scheme is applied properly, the density distribution
should be uniform throughout the computational domain. Figure 7 shows the normalized density computed
using the uncorrected and the corrected cell volumes, respectively. The results are obtained with 1, 000, 000
macro-particles and 2, 000 time-steps before reaching the downstream end. In Fig. 7(a), the errors at top
and bottom cells apart from the grid interface are 8.3 and 0.93 percent, respectively. The errors at those cells
can be predicted from the ratio of the corrected volume to the uncorrected volume. At the grid interface, the
error becomes more severe, reaching a value greater than 45 percent. These systematic errors are reduced
significantly by using the corrected volumes as shown in Fig. 7(b). The systematic errors at the top and
bottom cells are eliminated almost completely with errors of less than 0.007 percent, similarly to the results
shown in Ref. 31 for one dimensional radial grid. Furthermore, the densities at cells along the grid interface
match the theoretical values.

z
(a) Standard method

0.010
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0.008
0.007
0.006
0.005
0.004
0.003
0.002
0.001

r

r

45
40
35
30
25
20
15
10
5
2

z
(b) Generalized Weighting Scheme

Figure 7. Percent relative error in density computed at cell centroids.35
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B.

Validation of Electric Potential and Field Solver

Figures 8 and 9 show the relative errors for the electric potential and field solutions, respectively, computed
by (a) the standard methods and (b) the methods implemented in the model. The standard methods produce
relatively larger errors at the cells near the coarse/fine grid interface. These errors are removed when using
the refined methods implemented in the model (Fig. 8 for potential and Fig. 9 for electric field). As seen in
Fig. 10, the standard methods provide second-order accurate solutions when using a uniform mesh. However,
the order of accuracy drops by one order for an adaptive mesh. The accuracy is recovered when using the
refined methods implemented in the computational model. In addition, examining Fig. 9(a), smaller errors
are found in the region of finer mesh size, indicating that a very accurate electric potential and field solution
near the cusp can be expected if the species densities are accurate.

(a) Standard method

(b) Spline method

Figure 8. Plot of relative error in potential solution.

(a) Standard method

(b) Least squares method

Spline Method (Adaptive Mesh)
Standard Method (Adaptive Mesh)
Standard Method (Uniform Mesh)
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10

Maximum relative error

Maximum relative error

Figure 9. Plot of relative error in electric field solution.
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Figure 10. Convergence of electric potential and field solutions.
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C.

Test Simulation for Cusp-Confined Weakly Ionized Plasma

Preliminary results are obtained for the domain described in Sec. II.A. In this simulation, the hollow
cathode with orifice of 1 mm in radius is assumed to operate at 0.4 A discharge current. At the exit of the
cathode, it is also assumed that mono-energetic (8 eV) primary electrons enter the domain uniformly with a
cosine distribution for their velocity directions. The neutral flow rate through the hollow cathode orifice is
0.6 sccm. The flow rate and the background chamber pressure of 3 mTorr are used to compute the neutral
density (Fig. 11). The neutral density is assumed to remain constant throughout the simulation since the ion
density is a few orders of magnitude lower than the neutral density and the reduction in neutral density due
to ionization collision is insignificant. Unfortunately, the solution did not converge at the end of simulation
as shown in Fig. 12 and 13. The species densities were nearly steady-state, but the ion and plasma electron
densities were still changing near the end of simulation. Note that simulation was restarted at iteration of
163, and ceiling and scaling of potential for convergence enhancement was turned off. The electric potential
was far from convergence; the max potential was at > 200 V, while we expected that the maximum and
volume averaged potential to be close to the expected plasma potential of ∼ 33 V.
Figure 14 compares the computational and analytical results for a density profile along the radius at
z = zmax /2. The profile for ion generation rate density is obtained by the computational model and is
fitted with a polynomial of degree Nd = 9. As seen in Fig. 14, the computational result does not agree well
with the analytical solution; we expected that the computational result would be bounded by the profiles
predicted using ambipolar and Simon’s diffusion coefficients. One of the reasons for the disagreement may
be that the electric potential has not been developed completely at the end of simulation. For the profile
shown in Fig. 14, a converged solution for the electric field is expected to act to push the ions near the
centerline further radially outward, so the density profile is flattened. Comparing the computational results
in the middle and at the end of simulation, the slope of the density profile became closer to the analytical
solution; however, further iterations did not result in the expected density profile. Another source of the
error can be the finite dimension of the domain. The transport in the axial direction is neglected in the
analytical model; however, a finite diffusion in axial direction must be present even at z = zmax /2 since the
domain radius is only a third of the length. The computational model predicted slight variation of density
axially near the axis while relatively larger density variation was seen further away from the axis. Finally,

Figure 11. Contour plot of neutral density (m−3 ). The highest neutral density is at the origin with the density
of > 2.2 × 1019 m−3 .
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Figure 12. Maximum and volume averaged densities
vs. Iteration. The densities were mixed with values
from 25 previous iterations.
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Figure 13. Maximum and volume-averaged electric
potential vs. Iteration. The values were obtained directly from potential solver (before performing mixing with potential values from 25 previous iterations).
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Computational at end of simulation
Computational at intermediate iteration
Analytical, Ambipolar & n(rmax)=nw
Analytical, Ambipolar & n(rmax)=0
Analytical, Simon & n(rmax)=nw
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Figure 14. Comparison of density profile along the
radius at z = zmax /2.

Figure 15. Electric potential near the anode wall at
the magnetic cusp. Magnet face is at z = 0.31 m.
Sheath is developed along the anode wall.

azimuthal inertia terms in the diffusion equation are neglected in the analytical formulation which may be
significant.
Since the solution did not converge at the end of the simulation, the results are inaccurate but do
exhibit some physical consistencies when comparing the potential structure and the relative species density
distributions. Figure 15 shows the potential structure near the cusp. The contour level is omitted as the
magnitude is not of importance here, but red corresponds to high potential and blue corresponds to low
potential. It is clearly seen that there is a sheath along the anode wall as represented by the steep drop of
the potential toward the wall. Figure 16 compares the species densities near the cylindrical magnet cusp.
The right hand side of the domain shown in Fig. 16 represents the anode wall at the magnetic cusp; the
magnet face is 3 mm downstream of this surface. The general and relative structure of the density profiles
shown in these plots remained unchanged toward the end of simulation. Since the hollow cathode is placed
along the same axis as the cylindrical magnet, the primary electrons are directed toward the cusp and are
confined very near the centerline. Primary electrons are not as confined by magnetic mirroring and sheath
as plasma electrons, so the residence time of primary electron is a few orders of magnitude less than that of
plasma electron. Therefore, it is much more difficult for the primary electrons to diffuse across the magnetic
field. Because of the concentrated primary electron population near the centerline, the potential is developed
to attract ions radially inward. The radial component of the electric field interacts with the axial magnetic
field to create an azimuthal E×B drift for the highly confined secondary electrons. Ions and plasma electrons
are predominately created by inelastic collisions between primary electrons and neutrals, so their generation

Figure 16. Species densities (m−3 ) very near the cusp. Magnet face is at z = 0.31 m. Primary electrons are confined very
near the centerline.

Figure 17. Degree of quasi-neutrality obtained
by η = (ni − ne )/ max(ni , ne ). Magnet face is
at z = 0.31 m. Positive and negative contours
indicate regions dominated by ions and electrons, respectively.

15
The 33rd International Electric Propulsion Conference, The George Washington University, USA
October 6–10, 2013

rate density is high in the region of high primary electron density. Ions created very near the magnetic cusp
are immediately accelerated toward the wall whereas plasma electrons are repelled from the wall. As the
plasma electrons are strongly confined by the magnetic field and sheath, these preliminary results suggest
that their path length is to be over 50 times longer than that for primary electrons. The plasma electrons
diffuse much further radially outward due to multiple elastic collisions with neutrals and eventually gain
enough parallel velocity to reach the anode wall. As a result, it appears that they are mainly collected in an
annular region surrounding the axis near the cusp. Consequently, these preliminary results suggest that in
the near-sheath and sheath region near the axis may be dominated by the primary electrons and ions while
the plasma electrons and ions occupy the outer region at low primary electron density. These results do not
agree with measurements in spindle cusp and picket fence experiments9–12 and may be attributable in part
to the current lack of a converged solution. We wish to note, however, that in contrast to the experiments
mentioned the cusp here occurs at a current collecting wall. The electric field at the wall must be such that
a sufficient current of electrons is drawn to maintain the discharge. If the electron current near the cusp is
ample, one may expect the normal sheath formation as electrons are lost rapidly along the field lines. The
different boundary conditions here may reasonably be expected to result in different distributions.
Figure 17 shows the local degree of quasi-neutrality, η, obtained by the computational result where η is
given as,
ni − ne
(42)
η=
max(ni , ne )
Here, η = 0, η > 0, and η < 0 indicate quasi-neutral, ion-dominated, and electron-dominated, respectively.
As shown in Fig. 17, ions dominate the near-wall region at r & 1.6 mm. This is, again, due to the sheath
potential that accelerate ions toward the wall and repel plasma electrons away from the wall. Within the
near-wall region at r . 1.6 mm, the positive sheath is still present, but the difference between the plasma
and anode potential is not large enough to prevent primary electrons from being lost at the wall. As a result,
ions in this simulation respond to the potential structure caused by the high primary electron concentration.
However, they do not reside in the region long enough to completely counteract charge imbalance, being
accelerated toward the wall by the sheath. Therefore, the region very near the centerline is dominated by
the primary electrons.

V.

Conclusion

The iterative Monte-Carlo model has been developed to examine the species loss mechanism and plasma
structure very near the magnetic cusp created by a single cylindrical magnet. The model utilizes an adaptive
Cartesian mesh and refined methods for potential calculation and particle weighting in order to resolve the
charge separation effect within the small region at the cusp. The model also uses analytic equations for
magnetic field and a modified Boris method to accurately predict the species trajectories.
The methods implemented in the computational model for computing electric potential and field were
validated against the analytical solution for the case with a cylindrical domain with the downstream end
biased at a fixed potential. It was shown that the computational model provided the second-order accurate
solutions even at the coarse/fine grid interface of an adaptive mesh. The particle weighting algorithm
implemented in the model was also validated by a simple test case with uniform current density distribution
along the radius. The errors seen when using the standard area-weighting scheme were reduced by several
orders of magnitude. Finally, the computational model was used to perform a preliminary simulation for a
cusp-confined weakly ionized plasma. Although the model did not provide fully converged results, it was
still capable of show a sheath structure and providing interesting results for the plasma species distribution
very near the magnetic cusp.
The current version of the computational model has yet to provide convergence for the simulated conditions, so much refinement to the model is still necessary. The most important improvement to be made is
for the solution convergence. One modification to the current version can be the use of more sophisticated
iteration mixing techniques. In addition to the convergence, a few simplifications made in the model should
be updated to represent more accurate physics. For example, the primary electrons are assumed to be monoenergetic. Instead, we can implement a velocity distribution that is more accurate for the cathode being used
in the experiment. Finally, secondary electron emission from the anode surface should be implemented.
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