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Hall plasma devices with electron E×B drift are subject to a class of long wavelength instabilities driven
by the electron current and gradients of plasma parameters. In this paper we apply the revisited theory to some
thruster configurations and compare the results with the predictions from the earlier theory [Esipchuk Y.V.,
Tilinin G.V., Sov. Phys. Techn. Physics 21, 417 (1976)]. The earlier work had used an additional assumption
of constant ion flux (n0v0i = const), which is not true for the typical profiles. The differences in prediction of
various models are described here.

I. Introduction

Plasmas with E×B are characterized by a wide range of turbulent fluctuations. These fluctuations are thought
to be responsible for the observed anomalous transport across the magnetic field1–3 and other nonlinear phenomena
such as coherent rotating structures (spoke).4, 5 In order to understand the mechanisms responsible for the anoma-
lous transport, a study of the instabilities in Hall plasma devices is needed. In an earlier work,6 the authors of this
paper reviewed the theory of linear instabilities due to gradients of density and magnetic field, starting with earlier
derivations7, 8 and shown that the effects of plasma compressibility were not fully included in previous theory and
quantitative corrections are required for accurate description of the growth rate and real part of frequency. The model
was also extended to include effects of temperature gradients by developing a three fluid theory that takes into account
the equation for the electron energy.

In this article we will apply the result of the theory presented in Ref. 6 to some realistic parameters observed
in Hall thrusters. We use experimental data for a 2 kW Hall thruster from the Hall Thruster experiment (HTX) at
Princeton Plasma Physics Laboratory (PPPL),9, 10 numerically simulated profiles for the plasma density, potential,
electron temperature and magnetic field obtained using the numerical code HPHall-2 for the SPT-100 thruster11 as
well as data from the CAMILA Hall thruster at the Technion-Israel Institute of Technology.12 We will focus on how
plasma parameters, namely the equilibrium E×B drift, gradients of plasma density, temperature and magnetic field
affect the characteristics, excitation conditions and localization of the linear instabilities.

In the previous work by Esipchuk and Tilinin,7 the density gradient was absent as an independent parameter con-
trolling the instability because they assumed absence of ionization and neglected the ion flux divergence. Experimental
data show that these assumptions are not valid, and, as a result, their theory is inapplicable in such regions. Our theory
retains the plasma density gradient as an independent parameter, which is critically important for valid predictions of
the stability of Hall thrusters. We compare the predictions based on Refs.7 and 6.

II. Gradient Drift Instability

Complete analysis of the gradient drift instability is presented in Ref. 6. It is done for a simplified geometry of
a coaxial Hall thruster with the equilibrium electric field E0 = E0x̂ in the axial direction, and with inhomogeneous
∗Graduate Student, Department of Physics & Engineering Physics, winston.frias@usask.ca .
†Professor Department of Physics & Engineering Physics, andrei.smolyakov@usask.ca .
‡Research Physicist, Princeton Plasma Physics laboratory (PPPL), yraitses@pppl.gov.
§Research Physicist, Princeton Plasma Physics laboratory (PPPL), ikaganov@pppl.gov.

1
The 33rd International Electric Propulsion Conference, The George Washington University, USA

October 6–10, 2013



density n = n0 (x) and electron temperature T = Te(x). Locally, Cartesian coordinates (x, y, z) are introduced with
the z coordinate in the radial direction and y in the symmetrical azimuthal direction. The magnetic field is assumed
to be predominantly in the radial direction, B =B0 (x) ẑ. Assuming constant electron temperature, the dispersion
relation for the two field model is given by6

ω − kxv0 =
1

2

k2⊥c
2
s

ω∗ − ωD
± 1

2

k2⊥c
2
s

ω∗ − ωD

√
1 + 4

kxv0
k2⊥c

2
s

(ω∗ − ωD)− 4
k2y
k2⊥

ρ2s∆, (1)

where v0 is the ion drift velocity in the axial x̂ direction, ωD = −2kycTe/ (eB0LB) and ω∗ = −kycTe/ (eB0LN ),
are the magnetic and density gradient drift frequencies, 1/LB = ∂ lnB0/∂x and 1/LN = ∂ lnn0/∂x, are the
magnetic field and density characteristic variation lengths, ∆ = (∂ lnB2

0/∂x + eE0/Te)(∂ ln(n0/B
2
0)/∂x), ρ2s =

Temic
2/e2B2

0 . The effects of the temperature gradient are fully included in Ref. 6.
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The long wavelength instabilities described by Eq. (1) have the equilibrium electron flow as the main driving
source of the instability, which is triggered by the presence of the gradients of plasma density and magnetic field.

A very well known model for gradient drift instabilities is the one proposed by Morozov13 and extended by Es-
ipchuk and Tilinin.7 This model includes the electron drift effects related to the plasma density gradient with the
assumption that the plasma density gradient can be related to the electric potential gradient using the density conser-
vation equation and assuming a ballistic ion acceleration. With these assumptions, the dispersion relation is given
by7

(ω − kxv0i)2 +
k2v20i

ky(u0 − uB)
ω − k2v20i

ky(u0 − uB)
kyu0 = 0, (3)

where u0 is the E0 × B0 equilibrium drift velocity and uB = (v20i/Ωci)(∂/∂x) ln(n0/B0) is the magnetic drift
velocity. Under the assumption that u20 >> v20i, Esipchuk and Tilinin gave the following conditions for instability7

(∂/∂x) ln(n0/B0) > 0 and ∂B0/∂x > 0. These conditions basically suggest that the instability cannot be present in
regions of decreasing magnetic field, such as the plume of the thruster. The goal of this paper is compare the prediction
of the instability based on Eqs. (1) and (3).

III. Stability Analysis

In this section we will solve the dispersion relation for each model using the plasma parameters obtained in three
different experiments9, 10, 12 and simulations.11

A. PPPL Hall Thruster Experiment (HTX)

The Princeton Plasma Physics Laboratory hosts a 2kW laboratory Hall thruster with a channel length of 46 mm, an
outer diameter of 123 mm and a width of 15 mm. Measurements of the plasma profiles this thruster are presented in
Ref. 9. The measurements correspond mainly to the region from x = −0.8 cm to x = 8.0 cm (the exit plane is at
x=0). The profiles are shown in Fig. 1. As can be seen, the magnetic and electric fields peak close to the exit plane
and both density and temperature are decaying, except for a region close to x=0.

The solution to the two field model and to the Morozov dispersion relations for the measured profiles are shown in
Fig. 2.

The instability predicted by the two-field model is concentrated in two narrow regions (see Fig. 2) from x=1.22
cm to x=1.82 cm and from x=5.54 cm to x= 6.22 cm. For the instability to occur, the condition Eq. (2) has to be
true. In the region x<1.22 cm, we have 1/LN − 2/LB < 0 but the first one, eE0/Te + 2/LB is positive, resulting in
this region being stable. The region between x=1.22 cm and x=1.82 cm is characterized by 1/LN − 2/LB > 0, and
eE0/Te + 2/LB > 0, resulting in instability. In this region, the magnetic field gradient is negative and the electric
field satisfies the following inequality

E0 >
Te
e

∣∣∣∣ 2

LB

∣∣∣∣ . (4)

This last condition suggests that in the plume region, when the magnetic field gradient length LB is larger than twice
the density gradient length LN , the instability will occur if the electric field is larger than a certain threshold value as
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Figure 1: Experimental profiles of the plasma density, magnetic field, electron equilibrium drift velocity, u0, and
electron temperature for the HTX thruster.9 The exit plane is at x=0.

expressed by Eq. (4). In the region between x=1.82 cm and x=5.54 cm, 1/LN − 2/LB > 0 but the electric field is
smaller than the threshold value From x=5.54 cm to x=6.22 cm, the electric field is larger than the threshold value and
the instability reappears. For x> 6.22 cm, 1/LN − 2/LB < 0 and the region becomes stable.

The real part of the frequency predicted by the two field model is negative, since it depends on the sign of 1/LN −
2/LB . This way, the azimuthal phase velocity is in the same direction as the equilibrium drift velocity u0 (see Fig. 1).

The Morozov instability is strongest in a small region close to the channel exit. The maximum of the growth rate
in this region is 70 KHz and the frequency, which is negative, reaches a maximum absolute value of 0.033 KHz. This
region was predicted to be stable by the two field model. Also in the plume region there are some unstable pockets
whose growth rates do not exceed 10 KHz. These instabilities are most likely associated to the calculation of the
gradient lengths. The very small value of the growth rate in the plume region is in agreement with the predictions from
Eq. (3), in which the instabilities die out in regions of negative gradients of density and magnetic field.7

B. SPT-100 Thruster Simulations

Plasma parameters in the discharge chamber and near plume region the of SPT-100 Hall thruster were obtained by
Hoffer with the HPHall-2 code14, 15 as reported in Ref. 11. These plasma profiles are in good agreement with the
available experimental data for the SPT-100 thruster and can be seen in in Fig. 3.

The plasma density and magnetic field increase in the channel region, with the magnetic field reaching a maximum
at the channel exit and the density peaking at a distance of 1.5 cm from the anode. In the region between x=1.5 cm to
x=2.5 cm, the density and magnetic field gradient lengths are of opposite signs, with the density gradient length being
negative and the magnetic field gradient length being positive. No instability is expected in this region. The electron
temperature and the electric field also reach their maximum values at the exit plane.

The growth rate and frequency obtained for the two field model and the Morozov dispersion relation are shown in
Fig. 4.

For the profiles shown in Fig. 3, there is an unstable region inside the channel from x=0.03 cm to x=0.8 cm, that
is close to the anode. This instability growth rate is in the 100-450 KHz range, the growth rate being larger when
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Figure 2: Growth rate and frequency of the instabilities in the HTX thruster9 as a function of axial distance as predicted
by the two-field model (a and b) and by the Morozov model (c and d). The exit plane is at x=0.

the temperature gradients are not considered. In this region, both 1/LN − 2/LB and the factor eE0/Te + 2/LB

are positive, resulting in instability. For x between 0.8 cm and 2.5 cm (exit plane), the density and magnetic field
gradient lengths are of opposite signs. In this region, 1/LN − 2/LB changes sign, becoming positive, while at the
same time eE0/Te + 2/LB remains positive, and the region is stable. In the region from x=2.5 cm to x=3.0 cm,
1/LN − 2/LB < 0, but the electric field is larger than the threshold value 2Te/e|LB | resulting in stability.

In the region between x=3.0 cm and x=3.2 cm the unstable modes propagate with positive frequency. In this region,
the electric field is smaller than the threshold electric field, E < Ethr and the instability criterion is simply determined
by the sign of the factor 1/LN − 2/LB ; the mode is unstable for 1/LN − 2/LB < 0. The sign of the real part of
the frequency is only determined by the sign of 1/LN − 2/LB , so that the unstable modes propagate with positive
frequency, in the direction opposite to E0 ×B0. Generally, two field model predicts that the direction of propagation
of unstable modes is directly linked to the sign of the quantity (E0 − Ethr) × B0, thus negative (in the direction of
E0 ×B0 flow) for E0 > Ethr, and positive when E0 < Ethr. Some experiments with E0 ×B0 plasmas do show the
presence of fluctuations with rotation in the direction opposite to E0 ×B0 drift.16

The instability predicted by Eq. (3) is present mainly in the channel region of the thruster, different to the one
predicted by the two field model in Eq. (1), that is concentrated mainly in the near anode region. Its peak in the
channel region is located at the point where the plasma density reaches its maximum value and reaches a value of
close to 300 KHz. After that, the growth rate decreases with distance. It features a peak outside of the channel region
due to the resonance of u0 and uB . This resonance explains the peak of the real value of the frequency present at x=2.9
cm with an absolute value of 30 KHz, that can be seen in Figs. 4c and Figs. 4d.

C. CAMILA Thruster Simulations

The coaxial magnetoisolated longitudinal anode thruster (CAMILA) was developed at the Technion’s Asher Space
Research Institute is an effort to adapt Hall thruster technology to low power regimes.12 This thruster is characterized
by having a longitudinal magnetic field inside the anode cavity that reduces the electron mobility in the radial direction.
A radial electric field is created in the direction towards the center of the channel. Two configurations are currently
under development, simplified CAMILA, without anode coils and full CAMILA, with anode coils. In the following
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Figure 3: Plasma density, magnetic field, electron equilibrium drift velocity, u0, and electron temperature profiles in
SPT-100 Hall thruster obtained from HPHall-2 simulations as shown in Fig. 10 from Ref. 11. The exit plane is at
x=2.5 cm.
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Figure 4: Growth rate and frequency of the instabilities in a SPT-100 thruster11 as a function of axial distance to the
anode as predicted by the two-field model (a and b) and Morozov model (c and d). The exit plane is at x=2.5 cm.

we will refer to the simplified version of the thruster. A more detailed description of the CAMILA concept can be
found in Ref. 12 and references therein. The plasma parameter profiles for the CAMILA thruster are shown in Fig.
5.12

The magnetic field is positive and increasing with distance in the channel region, reaching its maximum value at
the channel exit, located at x=0, which results in a positive magnetic field gradient length LB = (∂ lnB/∂x)−1 > 0
inside the channel, except for the region from x=-3.0 to -2.9 cm. The plasma density reaches its maximum value at a
distance of x=-0.8 cm from the exit plane, decreasing afterwards, resulting in a positive density gradient length LN =
(∂ lnn/∂x)−1 > 0 from x=-3.0 cm to x=-0.8 cm and in a negative density gradient length LN = (∂ lnn/∂x)−1 < 0
from x=-0.8 cm up to the exit plane. The regions between x= -3.0 and -2.9 and x=-0.8 cm to x=0 have density and
magnetic field gradient lengths of opposite signs. The instability is not present in this region. The electron temperature
reaches its maximum value close to the exit plane, at x=-0.4 cm, resulting in a positive temperature gradient length
LT = (∂ lnTe/∂x)−1 > 0 for most of the region under consideration. Similarly to the magnetic field and electron
temperature, the electric field reaches its maximum value at the exit plane.

One peculiarity of the CAMILA magnetic field is the additional presence of an axial component. This way, the
magnetic field B0 in dispersion relation, Eqs. (1) refers to the magnitude of the field. The growth rate and frequencies
of the unstable modes calculated from the two field model and the Morozov dispersion relation are shown in Fig. 6.

For the profiles shown in Fig. 5, there are two unstable regions close to the anode. The first of these regions
corresponds to the interval from x=-2.8 cm to x=-2.5 cm, where the maximum value for the growth rate is 280 KHz at
x=-2.5 cm. The second unstable region corresponds to the interval from x=-2.0 cm to x=-1.9 cm, where the peak of the
growth rate is 367 KHz at a position x=-2.0 cm. These two unstable regions have 1/LN −2/LB0 and eE0/Te +2/LB

positive, resulting in the appearance of the instability. For x between -1.9 cm and x=0, the plasma density decreases
while the magnetic field is still increasing. Here, the factor 1/LN − 2/LB becomes negative while eE0/Te + 2/LB

remains positive, resulting in the disappearance of the instability. In the unstable regions, since 1/LN − 2/LB > 0,
the real part of the frequency is negative.

The dispersion relation from Eq. (3) predicts instability throughout the channel region, similar to the case with the
SPT-100 thruster. This region is characterized by a valley in the gradient of magnetic field. The growth rate for the
CAMILA thruster is notably higher than the one predicted for the SPT-100 thruster and one order of magnitude higher
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Figure 5: Plasma density, magnetic field, electron equilibrium drift velocity, u0, and electron temperature profiles in
CAMILA Hall thruster from Ref. 12. The exit plane is at x=0.

than the predicted by the two field model. The similar is true for the frequency.

IV. Summary

In this work, we have presented a comparison of the results obtained from the study of the gradient drifts insta-
bilities using our two field model6, 17 and the gradient drift model proposed by Morozov.7, 13 The dispersion relation
model predicts instability in a wider region of the thruster. This instability is present throughout the channel region
of the thruster, whereas the two field model predicts that the instability is concentrated mainly in the near anode re-
gion of the thruster and is absent from the acceleration region, where the instability from Eq. (3) is at its strongest.
The instability is similarly enhanced by a resonance of the E0 × B0 electron drift velocity and the magnetic drift
velocity, uB . In our two field model, the resonance is between the density and magnetic gradient drift velocities. The
model proposed in Ref. 7 does not include the density gradient in an explicit way, but takes it into account via the
E0×B0 electron drift velocity. Also the gradient drift velocity is introduced assuming that for the unperturbed plasma
n0(x)v0i(x) = const,7, 13 assumption that is generally not true for the profiles presented above (see Ref. 17).
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